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Abstract :

The objective of this work is to model the motion and the instabilities of partially wetting thin liquid
films to derive models for the formation of wet and dry surfaces. The main idea of the work consists in
reformulating the shallow water equations by introducing a disjoining pressure to model the effects of
a partial wetting. Emphasis is put on the numerical treatment of the capillary forces, especially those
acting in the vicinity of the contact line, since they can strongly influence the development of instabi-
lities. We use an extended system that consists in reducing the order of the shallow water system by
adding one evolution equation. This model is suited for numerical purposes since the surface tension
term only involves second order derivatives instead of third order derivatives in the classical shallow wa-
ter systems with two equations. A conservative formulation of the system and the associated energy are
derived. One-dimensional numerical simulations using a first order implicit finite volume scheme have
been performed. Droplet’s stationnary shape, spreading length and time on an horizontal substrate is
well recovered for all contact angle. Moreover, based on a linear stability analysis, unstable dewetting
regimes of an infinite film of uniform thickness are identified and simulated.

Key words : shallow water, runoff, capillarity, triple line, deicing

1 Introduction
Themotion and stability of liquid thin films and droplets which wet a solid substrate are present in a lot of
natural and industrial processes and have been the object of a lot of research studies for several decades
[3, 7, 6]. In the context of deicing, when a thermal protection system is activated, the supercooled water
droplets impacting an aircraft surface don’t freeze instantaneously and can coalesce and form a thin
liquid film as a result of aerodynamic forces. Experimental studies show that this liquid film isn’t always
stable and can split into rivulets that may refreeze on unprotected surfaces [35]. The modeling of rivulet
flows and the accurate prediction of wet and dry surfaces is important since it has a direct influence on
the wall heat and mass fluxes such as evaporation or exchanges with the boundary layer.

The classical model for modeling thin fluids flow are the Navier-Stokes equations based on Newton’s
second law to the fluid, that are to be coupled with appropriate initial and boundary conditions. It is
possible to reduce the N-S equations by using the property of thin films that the ratio of the film thickness
h and any in-plane length-scale is small (long-wave approximation), and averaging the equations over
the fluid thickness. The reduction of N-S equations can lead to one single non-linear fourth order partial
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differential equation for h also called lubrication equation [1], or a third order system of two equations for
h and the flow rate q also called shallow water equations by adding a closure assumptions on the normal
film velocity profile which can be justified either by asymptotic analysis or by empirical arguments [2].
These models take account of viscosity, capillary, and gravitational effects and are generally preferred
to N-S equations since they give satisfying results with a significant reduction of computational time.
However, these classical models don’t consider the molecular forces between interfaces acting in the
triple line and thus are limited to totally wetting, which means that a liquid film on a solid substrate
won’t adopt an equilibrium state but will spread indefinitely. In addition, film rupture due to possibly
destabilizing molecular forces is not included [19, 21, 30, 31, 32, 33, 34].

To take into accountmolecular forces andmodel the effects of partial wetting, an additional pressure term
introduced by Frumkin and Derjaguin [8, 9, 10, 11], called disjoining pressure, is generally included
into lubrication equation. The disjoining pressure Πd(h) is an additional force per unit area, arising
from the interaction between two interfaces separated by a distance h. In the thin liquid films, these two
interfaces are the solid-liquid and the liquid-air interface. The disjoining pressure Πd(h) can consist of
several interactions, the best understood are van derWaals, electrical double layer and polar interactions,
each acting on its scale and each influencing the value of the contact angle. The disjoining pressure can
also be seen as a more general concept to regularize the discontinuous forces which come into play at
the contact line. Following this interpretation, alternative phenomenological models for the disjoining
pressure have appeared in the literature : a diffuse interface model by Thiele & Pomeau that is based
on exponential functions [18, 20], power-law expressions [13, 14, 16], or combinations of power-law
and exponential expressions have also been used [15, 17]. These models make the approximation of a
disjoining pressure between two unbounded parallel interfaces. In reality, and especially near the contact
line, the interfaces are generally neither flat nor unbounded. Dai [22] and Hocking [23] incorporated the
gradient and curvature of the liquid film into the expression of the disjoining pressure.

In general hydrodynamic studies, the usual boundary condition used for a fluid moving on a solid sub-
strate is a no-slip condition : the fluid velocity vanishes in contact with the substrate. This boundary
condition is well-suited for macroscopic scale, but it is not for smaller scales especially where the two
interfaces meet at the contact line [24, 25]. This problem is known as the contact line paradox. The in-
compatibility between the usual no-slip condition, where the moving liquid meets the substrate, and the
boundary condition on the liquid-gas interface, leads to a non-integrable force singularity and doesn’t
allow a liquid to move on a perfectly dry region since it should dissipate an infinite amount of energy. A
number of solutions to fix this problem have been proposed. A first solution is the add of a slip length
that allows the fluid to slip at the boundary [5, 26, 27]. Some authors rather use a disjoining pressure
combining long-range repulsive and short-range attractive forces leading to an energetically stable film
thickness h∗ [13, 14, 15, 16, 17]. Introduction of such a disjoining pressure avoids the use of the slip
model because the precursor layer present everywhere on the substrate acts as a slip coefficient, but this
method has a drawback : from a physical point of view, precursor films are usually not encountered under
partially wetting conditions.

In this paper we present the first step (2D case) of a more general work which aims at simulating motion
and transverse instabilities of a partially wetting thin liquid film on a solide substrate. Following some
ideas from the literature, the contact line forces are taken into account thanks to a disjoining pressure
term. A suitable expression of this term has been chosen to ensure the partial wettability of the substrate
with a true dry region even at the microscopic scale (no precursor film) [4]. As far as the contact line
paradox is concerned, the approach based on the introduction of a slip lenght has been used. But contrary
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to what is usually done in the literature for thin film modelling, we do not use here the lubrication equa-
tion. This one is replaced by an extended shallow water model wich is written in a conservative form and
which is formally equivalent to the lubrication equation in the limit of negligible inertial effects. The big
advantage of using this new formulation lies in the fact that the newmodel corresponds to a second order
differential system whereas the lubrication equation is a fourth order partial differential equation. For
this reason, the new proposed formulation is much more suited to finite volume discretization methods.
This property remains valid in 3D and will allow to use arbitrary surface meshes in future work.

The rest of the paper is organized as follows. In section 2, we present how to derive the extended shallow
watermodel and how it is related to the classically used lubrication equation. Themodel for the disjoining
pressure is introduced as well. Section 3 is devoted to the linear stability analysis of the model solutions.
It is shown that a planar liquid film is unstable (dewetting phenomena) as soon as its thickness is lower
than a threshold which is of the same order as the cutting length used in the definition of the disjoining
pressure. The numerical discretizationmethod is presented in section 4, section 5 is devoted to numerical
validation tests. The final section gives a status of the present work and future outlook.

2 Derivation of the extended shallow water model

Mathematical model

The mathematical problem is formulated by considering an incompressible liquid film on an inclined
plane which makes an angle β to horizontal. The x and z axes are respectively parallel and perpendicular
to the substrate, the liquid surface thus corresponds to z = h(x, t). Liquid film motion is typically
described under the framework of lubrication equation, which has for expression :

∂h

∂t
+
∂ (hu)

∂x
= 0 (1)

hu = −m(h)

(
∂

∂x

[
gn h+

γ

ρ
K −Πd(h)

]
− gt

)
(2)

with h the fluid thickness, u themean fluid velocity (that wewill write u by omitted the "overline" symbol
for simplicity), andm(h) = h2(h+ b)/3ν the mobility factor due to the assumed Poiseuille flow, with b
a slip length preventing viscous stress divergence for vanishing film thicknesses [27]. gnh represents the
hydrostatic pressure, γK the Laplace pressure, withK the free surface curvature and γ the liquid/vapor
surface tension, and Πd(h) = −∂Gd/∂h a disjoining pressure arising from partial wetting effects, with
Gd the disjoining energy. gn and gt are respectively the acceleration of gravity g projected onto the x
and z axis due to plane inclination, ν is the cinematic viscosity, and ρ the fluid density.

The lubrication equation has the disadvantage to involve fourth order spatial derivatives, sinceK involves
second order derivatives, which is difficult to discretize. It is possible to formally derive (1) from a more
general third order system, also called shallow water equation system, which reads :

∂h

∂t
+
∂q

∂x
= 0 (3)

∂q

∂t
+
∂
(
hu2
)

∂x
+ h

∂

∂x

[
gn h+

γ

ρ
K −Πd(h)

]
= hgt + τw (4)

with q = hu the flow rate integrated over the fluid thickness, u2 the mean squared velocity, and
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τw(h) = −3 ν u
h+b the friction between the fluid and the wall. One can easily verify that in the assumption

of negligible inertia (∂q∂t and
∂(hu2)
∂x � 1), the system is equivalent to (1).

In the study of thin film flows on solid substrates, the free surface curvature is generally approxima-
ted by K ' −∂2h

∂x2
. These approximations are strictly applicable for problems with vanishing free

surface slopes, which is not necessarily true in the vicinity of the contact line. We adopt here a ge-
neralization of the classical shallow water equations by taking the full expression of the curvature

K = − ∂
∂x

[(
∂h
∂x

)
/

√
1 +

(
∂h
∂x

)2]. We approximate that the mean squared velocity u2 ≈ u2 assuming

that inertial effects are small, without entirely neglecting it. To allow a finite volume discretization, it is
more convenient to write the shallow water system {(3) , (4)} under the equivalent conservative form :

∂h

∂t
+
∂q

∂x
= 0 (5)

∂q

∂t
+
∂
(
hu2
)

∂x
+

∂

∂x
Π (h, ∂h/∂x, q) =

∂

∂x
B (h, ∂h/∂x) + hgt + τw (6)

with the forces per unit length Π and B in equation (6) given by :

Π = gn
h2

2
+

1

ρ

− γ√
1 +

(
∂h
∂x

)2 +

(
h
∂Gd

∂h
−Gd

) (7)

where the first term is the hydrostatic pressure force, the second represents the capillary tension which
correspond to the liquid/vapor surface tension parallel to the liquid free surface projected onto the x
axis, and the last term is the disjoining force acting at the contact line.

B =
γ

ρ
h
∂

∂x

 (
∂h
∂x

)√
1 +

(
∂h
∂x

)2
 = −γ

ρ
h K (8)

which represents the pressure jump across the liquid/vapor interface caused by its curvature, also called
Laplace pressure [4].

The term
(
∂B
∂x

)
on the right side of the equation (6) is third order in space, which is still hard to discretize,

particularly on non-structured mesh for future three-dimensional works. One solution is to consider like
Noble & Vila [36] a new unknown p =

(
∂h
∂x

)
that will be computed independently with a new equation.

By spatially deriving equation (5), we obtain the transport equation for p :

∂p

∂t
+
∂ (u p)

∂x
= − ∂

∂x

(
h
∂u

∂x

)
(9)

Adding this equation to (5) and (6) reduces by an order in space the system of equation, which results
in the following second order system of three equations for h, p and q :
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(10)
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One can introduce the energy density per unit length of the film :

e (h, p, q) =
hu2

2
+ gn

h2

2
+

1

ρ

(
γ
√

1 + p2 + γsl +Gd(h)
)

(11)

which is composed of a gravitational energy represented by gn h
2

2 , of a capillary energy proportional to
the area of the liquid surface represented by γ

√
1 + p2, of the energy between the liquid and the solid

substrate equal to the surface tension γsl between these two phases, and of the disjoining energy Gd(h)

associated to partially wetting effects.

Using (5), (6), (9) and (11), it is possible to establish the following energy balance equation :

∂e

∂t
+
∂ (u e)

∂x
+
∂ (u Π)

∂x
=

∂

∂x

(
tϕ.A.

∂ϕ

∂x

)
+ u (hgt + τw) (12)

with ϕ = (∂e/∂h, ∂e/∂p, ∂e/∂q) a thermodynamic variable vector, and A an anti-symmetric matrix.
Assuming no plane inclination (gt = 0), equation (12) is conservative with a dissipation source term (it
can be shown easily that u τw ≤ 0). Consequently, the total energy of the film E =

∫
[e (h, p, q)] dx is

a non-increasing function of time, which is a proof of the thermodynamic consistency of the model.

Disjoining energy model

Using an exact expression of disjoining energy Gd to model partially wetting effects at the molecular
scale would require highly refined mesh and consequently high computational costs. We will rather
use a phenomenological model assuming that the disjoining energy Gd(h) is a function depending of
the thickness h, which ensures a continuously transition from the capillary energy of a dry substrate
(e = γsv) to the energy of a wet substrate (e = γ + γsl), with γsv the solid/vapor surface tension.
A lot of models to regularize the disjoining energy can be found in the literature, we adopt here a simple
exponential expression : Gd(h) = S exp (−h/h∗), where S = γsv − γsl − γ is known in the literature
as the spreading coefficient. It expresses the energy difference between a dry and a wet substrate, and is
linked to the static contact angle S = γ (cos (θs)− 1) [12].

The plot of the capillary energy density per unit length e(h) = γsl + γ +Gd(h) in figure 1b shows that
this choice of disjoining energy, plotted in figure 1a, ensures a concave connection between the energy
of a dry and a wet substrate, which is caracteristic of a partial wetting situation [4].

(a) Sketch of the disjoining energy Gd(h) (b) Sketch of the energy e(h) = γsl + γ +Gd(h)

Figure 1 – Sketch of the disjoining energy Gd(h) and the capillary energy density e(h) of a flat film

Here the disjoining model has a single adjustable parameter h∗, which corresponds to the characteristic
length scale of the exponential function. From a physical point of view, it is supposed to represent the
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typical range of the microscopic forces which are in play in the vicinity of the contact line. But in our
case, for numerical purposes, the value of this parameter will be chosen as a function of the mesh size
(as will be shown later in Section 5) in order to smooth the effect of these forces without modifying the
macroscopic behavior of the film (contact angle, apparent contact line velocity).

3 Linear stability analysis
Wewant to study the linear stability (LSA) of a planar liquid film in function of the modelling of wetting
properties, which are the disjoining parameter h∗ and the static contact angle θs. To study the linear
stability of a film of uniform thickness ho on a horizontal plane, we use a Fourier mode decomposition
of the perturbation by setting h = ho + ε h1 exp (ikx+ ωt) and u = ε u1 exp (ikx+ ωt), with ε� 1

the perturbation amplitude, k = 2π/λ the wavenumber, and ω = ωr + i ωi the (real or complex) growth
rate. Linearizing the equations (5) and (6) in ε h1 and ε u1 leads to the expression of the growth rate ω :

ω = ωr = −h
2
o (ho + b)

3µ
k2

[
g +

1

ρ

(
∂2Gd

∂h2

)
(h=ho)

+
γ

ρ
k2

]
(13)

One can notice that the growth rate is strongly linked to the energy density per unit length of the liquid,
since

(
∂2e
∂h2

)
= g+ 1

ρ

(
∂2Gd

∂h2

)
. So the sign of

(
∂2e
∂h2

)
(h=ho)

will determine the linear stability of the film.

If
(
∂2e
∂h2

)
> 0, the growth rate ω < 0 and the film is linearly stable. If

(
∂2e
∂h2

)
< 0, the growth rate ω > 0

and the film is linearly unstable stable for all wave number in the range 0 < k <
√

(ρ/γ) (∂e/∂h)(h=ho).

The wave number associated to the maximal growth rate can be calculated and is equal to :

km =
1√
2

[
−ρ g
γ
− 1

γ

(
∂2Gd

∂h2

)
(h=ho)

]
(14)

The dewetting pattern of a linearly unstable liquid film will be predominantly piloted by the increasing
amplitude of the wavelength λm = 2π/km of maximal growth rate.

The limit of stability is found by finding the solutions of
(
∂2e
∂h2

)
= 0 and results in the curves plotted in

figure 2.

Figure 2 – Linearly unstable domain of a film of thickness ho for different static contact angles θs. The linearly
stable domain is above the curve, and the unstable one is below the curve. The thickness ho and the parameter h∗
are plotted in units of the capillary length lc =

√
γ/ρg. The cross corresponds to (h∗/lc , ho/lc) = (0.2 , 0.4).



23ème Congrès Français de Mécanique Lille, 28 au 1er Septembre 2017

We see that for sufficiently thick films, the film is linearly stable for all h∗. This is due to the fact that
the range of the regularized forces (= O (h∗)) is too short to create interactions between the solid-liquid
and the liquid-air interfaces. We can also observe that the film cannot be destabilized by inter-molecular
forces for great h∗ as a result of the stabilizing effect of gravity. The value of the contact angle θs strongly
influence the stability domain since the range of instability decreases as the contact angle decreases, and
completely vanishes for θs = 0◦, which is consistent with the fact that a totally wetting fluid is stable.

This linear stability analysis highlights a first mechanism of film rupture, called in the literature sur-
face instability dewetting regime. This regime appears generally in the case of very thin films, which
thicknesses, of the order of the nanometer, are close to the range of inter-molecular forces.

However, we remind that the model of disjoining energy used here with the exponential function results
in a range of these forces equal toO (h∗). If the parameter h∗ is taken to big, instability dewetting regimes
can appear even for macroscopic films. Taking the example of liquid water (lc = 2.7 mm) with a static
contact angle θs = 60◦, we can see with the cross on figure 2 that if we take h∗ = 0.2 lc, a liquid film of
thickness ho = 0.4 lc = 1.08 mm, well above the nanometer scale, is linearly unstable. Consequently,
we will have to be careful with the choice of h∗ to avoid generating non-physical instabilities.

4 Numerical methods
The system of equation to be solved (10) can be written in the matrix form :

∂U

∂t
+
∂ (u U)

∂x
+
∂F

∂x
=
∂B

∂x
+ S (15)

where U =

hp
q

 is the conservative variable vector, F =

0

0

Π

 represents first order fluxes,

B =


0

−h∂u∂x
γ
ρh

∂
∂x

(
p√

1+p2

)
 second order fluxes, and S =

 0

0

hgt + τw

 source terms.

The implicit in time and first order in space discretization scheme that we used for the system (15) reads :

∆xi
Un+1
i − Un

i

∆t
+
(

(u U)
n+1
i+1/2 − (u U)

n+1
i−1/2

)
+
(
Fn+1
i+1/2 − F

n+1
i−1/2

)
=
(
Bn+1

i+1/2 −B
n+1
i−1/2

)
+ Sn+1

i (16)

where i is the cell number, ∆xi the cell size and ∆t the time step.

The termsFn+1
i+1/2, (u U)n+1

i−1/2,B
n+1
i+1/2 are respectively an implicit discretization of the continuous fluxes

F , (u U) and B between the cell i and i + 1. The term Sn+1
i is an implicit discretization of the conti-

nuous source terms S in the cell i. The spatial discretizations are composed of the following difference
approximations :

- a first order upwind scheme for the convective flux (u U)i+1/2 :

(u U)i+1/2 = max
(
ui+1/2 , 0

)
Ui +min

(
ui+1/2 , 0

)
Ui+1 (17)

ui+1/2 =
1

2
(ui + ui+1) (18)
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- a first order central difference approximation for the flux Fi+1/2 =
(
0 , 0 , Πi+1/2

)
and Bi+1/2 :

Πi+1/2 =
1

2
(Πi + Πi+1) (19)

Bi+1/2 =


0

− 1
2∆xi

(hi + hi+1) (ui+1 − ui)
1

2∆xi
(hi + hi+1) γρ

(
pi+1√
1+p2i+1

− pi√
1+p2i

)
 (20)

- the source term Si is written :

Si =

 0

0

hi gt + (τw)i

 (21)

It can be shown that this numerical scheme verifies a numerical counterpart of the continuous energy
balance equation (12).

The spatial discretization used here only involves first order difference approximations, the jacobian
matrix is then a block tridiagonal matrix, and can be thus efficiently stored and inverted using a Thomas
algorithm. Finally, to ensure a numerical convergence of the solution, the system is solved using an
iterative Newton method.

5 Results
In this section, we perform simulations using the proposed extended shallow water model with the nu-
merical discretization presented in the previous section. As a first step, we will calibrate the model by
analysing the dependence of a droplet profile at equilibrium on the parameter h∗, which allows to ad-
just the disjoining force in the vicinity of the contact line, and on the mesh size ∆x. The objective is
to determine the couple (h∗ , ∆x) that allows to capture acurately first the wet surface, which is the
principal criteria in the context of deicing applications, then the static contact angle θs and the shape of
the equilibrium state. Then, we validate our model using different academical cases : the spreading of
droplets under the influence of gravity and without gravity, the comparison between our model and the
one with a small-slope approximation, and the simulation of dewetting regimes based on LSA.

Figure 3 – Section of a droplet on a substrate.
The angle θ represents the apparent contact angle
measured in simulations.

To evaluate numerically the time dependent apparent
contact angle θ, we won’t measure exactly the tangent
between the drop and the dry substrate, since the dro-
plet will have a circular shape that transitions smoothly
to h = 0 because of the regularized force at the contact
line. Instead, we measure the tangent at the inflection
point in the vicinity of the contact line to evaluate the
apparent contact angle θ, as shown in figure 3.



23ème Congrès Français de Mécanique Lille, 28 au 1er Septembre 2017

5.1 Calibration of themodel - Stationnary results of symetric sprea-
ding

We consider a parabolic profile for the film thickness at t = 0 s given by the following :

∀x, hi(x) = max

[√
max

[
R2
i

sin (θi)
2 − x2 , 0

]
− Ri
tan (θi)

, 0

]
(22)

The value Ri is the initial radius and is chosen so that the total area of the liquid is equal to A =
2 θi − sin (2θi)

2 sin (θi)
2 R2

i and the value θi is the initial contact angle. Here we choose Ri = 10−2 m and

θi = 80◦. The property of the liquid are those of water at ambiant temperature (γ = 0.078 N m−1,
ρ = 1000 kg m−3, ν = 10−6 m2 s−1, lc = 2.7× 10−3 m). The liquid is under the influence of gravity(
g = 9.81 m s−2

)
and is supposed to make a static angle θs = 60◦ with the substrate at equilibrium.

The slip length b is fixed to 10−9 m, its dynamic influence will be discussed further since the objective
of these simulations is only to analyse steady state solutions.

The theoretical profile at equilibrium of a droplet of radius Ri � lc can be calculated numerically (see
[3] for details), it has a puddle shape of thickness hpuddle = 2 lc sin (θs/2) far from the contact line, and
has an approximate diameter Dpuddle ' A/hpuddle, with A the area of the droplet. The relation giving
hpuddle can be obtained with a force balance in the vicinity of the contact line represented in figure 4.

Figure 4 – Equilibrium of the forces acting on the edge of a puddle. P =
ρgh2

2
represents the hydrostatic

pressure integrated along the film thickness.

5.1.1 Influence of the disjoining parameter h∗

We first investigate the dependence of the stationary profile on the disjoining parameter h∗ at constant
mesh size ∆x = 6 × 10−5 m. We suppose for now that numerical convergence is reached with this
resolution, since the influence of the mesh size will be studied further.

Figure 5 shows the equilibrium profiles for various values of h∗ close to the mesh size. We see that this
choice of values leads to good results since the wet surface, the theoretical stationary shape (represented
with small circles) and the static contact angle are all well recovered. In the case of h∗ = ∆x/2, the
apparent contact angle reaches 53◦, which is close to θs = 60◦. These results can be explained by the
fact that the regularized molecular forces are thinly spread and properly discretized.
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Figure 5 – Equilibrium profiles with θs = 60◦ for various values of h∗ close to the mesh size ∆x. For each case,
the value of the calculated apparent contact angle θ is given in the legende.

The equilibrium profiles for h∗ small compared to the mesh size are shown in figure 6. The wet surface
and the theoretical stationary shape are not recovered for these values of h∗. The case h∗ = ∆x/16 leads
to a relative error of 16 % on the wet surface. This is due to the fact that although the regularized forces
in the contact line are thinly spread, they are poorly discretized.

Figure 6 – Equilibrium profiles with θs = 60◦ for various values of h∗ small compared to the mesh size ∆x.
For each case, the value of the calculated apparent contact angle θ is given in the legende.

If we assign high values to h∗ compared to the mesh size or the liquid thickness hpuddle far from the triple
line, the stationary profiles in figure 7 show that, if h∗ > hpuddle/10, it is not possible to recover the wet
surface, nor the theoretical stationary shape, nor the static contact angle. The relative error on the wet
surface is 6% for h∗ = hpuddle/5, and is 42% for h∗ = 2 hpuddle/5. The reason of these results is that too
high values of h∗ lead to a too spread force at the contact line. We can see that from h∗ = hpuddle/10,
the shape and more important the wet surface are in agreement with the theoretical solution, smaller
values of h∗ will only allow better values of contact angle : from 40◦ to 53◦ between h∗ = hpuddle/10

and h∗ = ∆x/2.

Figure 7 – Equilibrium profiles with θs = 60◦ for various values of h∗ high compared to the mesh size ∆x. The
value hpuddle (= 2 lc sin (θs/2)) corresponds to the liquid film thickness far from the triple line. For each case,
the value of the calculated apparent contact angle θ is given in the legende.

These first simulations enabled us to determine a first condition on the parameter h∗ to ensure good
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stationnary results. If this parameter is kept within O (∆x) ≤ h∗ ≤ hpuddle/10, the wet surface and the
stationary shape are both well recovered, as desired for industrial applications.

5.1.2 Influence of the mesh size

We investigate now the dependence of the stationnary profile on the mesh size ∆x at constant h∗. We
choose h∗ = hpuddle/10 since we have seen that this value gives satisfactory results. Figure 8 shows
the equilibrium profiles for various values of mesh size compared to hpuddle. We can see that for every
choice of mesh size, the wet surface is well recovered. In the case of mesh sizes greater than the film
thickness, the error on the wet surface is only due to the coarsness of the mesh, the relative error is
then limited to | Rpuddle − ∆x | /Rpuddle. In the case of thin mesh sizes, convergence occurs from
∆x = hpuddle/10, since thinnest mesh sizes only allow small improvement of contact angle : from 38◦

to 40◦ between ∆x = hpuddle/10 and ∆x = hpuddle/50, that is 5% improvement for a 5 times thinner
mesh size.

Figure 8 – Equilibrium profiles with θs = 60◦ for various values of mesh size ∆x. The value hpuddle
(= 2 lc sin (θs/2)) corresponds to the liquid film thickness far from the triple line. For each case, the value of the
calculated apparent contact angle θ is given in the legende.

These analysis of the influence of the mesh size enabled us to determine two important informations
about the choice of the parameter h∗ and the mesh size ∆x to ensure good stationnary results. First, for
a given h∗, convergence is reached from ∆x = O (h∗) since this mesh size allows a good discretization
of the regularized forces at the contact line. Then, for a coarse mesh (∆x > hpuddle/10), we just need
to satisfy h∗ ≤ hpuddle/10 to recover the correct wet surface.

We can finally resume the conditions on h∗ and∆x that allow to obtain good results in term of stationary
shape and wet surface. In the case of academic simulations, like those realized in this section, on which
thin mesh sizes can be used, we will take the parameter h∗ ≤ ho/10, with ho the order of magnitude
of the encountered film thicknesses, and will take an adapted mesh size ∆x = O (h∗) that ensures a
good discretization of the regularized force (at least 4 cells). In practice, we will always take the smallest
value of h∗ as possible in the limit of moderate computational costs (since ∆x = O (h∗)), because we
have seen in section 3 that if this value is set too high, unintended instabilities can appear.
In the context of industrial applications, simulations with coarse meshes (∆x > ho/10) will mostly be
encountered. We will give to h∗ its real value, in the order of the nanometer, in order to avoid unintended
instabilities. The value of this parameter doesn’t matter as long as h∗ ≤ ho/10, because the mesh is too
coarse for correctly discretizing the regularized force at the contact line.
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5.2 Validation of the model
5.2.1 Comparison with the small slope approximation

Wewant to verify that our extended shallow water model can recover a droplet stationary shape for every
contact angles, even close to 90◦, and that this model is an improvement of the usual one with the long
wave approximation, in which the expressions (7), (8) and the expression of the disjoining energyGd(h)

are approximated by :

Π ≈ gn
h2

2
+

1

ρ

[
−

(
1− γ

2

(
∂h

∂x

)2
)

+

(
h
∂Gd

∂h
−Gd

)]
(23)

B ≈ γ

ρ
h

(
∂2h

∂x2

)
(24)

Gd(h) = γ (cos (θs)− 1) e−h/h∗ ≈ −γ
(
θ2
s

2

)
e−h/h∗ (25)

We still consider an initial parabolic profile of radius Ri = 5× 10−3 m and making an initial angle θi
with the substrate. The property of the liquid are those of water at ambiant temperature and the slip length
b is fixed to 10−9 m. The liquid is not under the influence of gravity

(
g = 0 m s−2

)
and is supposed to

make a static angle θs with the substrate at equilibrium. The theoretical profile at equilibrium is then a
parabolic profile of same area A given by :

∀x, hs(x) = max

[√
max

[
R2
s

sin (θs)
2 − x2 , 0

]
− Rs
tan (θs)

, 0

]
(26)

Rs = sin (θs)

√
2 A

2 θs − sin (2 θs)
(27)

Different simulations with various initial and static contact angles have been performed. The initial
contact angle is taken θi = 45◦ for the simulations with θs = 15◦ and θs = 30◦, which represents
a wetting configuration. We take θi = 30◦ for the simulations with θs = 45◦, θs = 60◦ and θs =

80◦, to simulate a dewetting configuration. For each simulations, we choose a mesh size ∆x and a
parameter h∗ that respect the conditions of numerical convergence, which means that : h∗ < ho/10

and ∆x = O (h∗), where ho represents the highest thickness of the stationary profile and is given by :

ho = Rs

(
1

sin (θs)
− 1

tan (θs)

)
.

Figure 9 shows the equilibrium profiles for various values of static contact angles θs from 15◦ to 80◦.
We can see that for contact angles less than 30◦ (figure 9a and 9b), the stationary profiles obtained
with each models are hardly distinguishable and correspond to the theoretical profile at equilibrium.
The differences are most significant for upper values of contact angles. Whereas the profiles obtained
with the extended model correspond closely to the theoretical ones even for hydrophobic substrates
(θs = 80◦), the results with the "long wave" model differ from the awaited solutions. The relative error
on the wet surface increases with the value of the static contact angle : from 6% for θs = 45◦ to 22%
for θs = 80◦ (figure 9c to 9e).
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(a) Equilibrium profiles with θs = 15◦. The (h∗ , ∆x) values are
(
2.5 × 10−5 m , 2.5 × 10−5 m

)
.

(b) Equilibrium profiles with θs = 30◦. The (h∗ , ∆x)
values are

(
2.5 × 10−5 m , 2.5 × 10−5 m

)
.

(c) Equilibrium profiles with θs = 45◦. The (h∗ , ∆x)
values are

(
3.75 × 10−5 m , 2.5 × 10−5 m

)
.

(d) Equilibrium profiles with θs = 60◦. The (h∗ , ∆x)
values are

(
3.75 × 10−5 m , 2.5 × 10−5 m

)
.

(e) Equilibrium profiles with θs = 80◦. The (h∗ , ∆x)
values are

(
7.5 × 10−5 m , 1.25 × 10−5 m

)
.

Figure 9 – Dependence of the droplet profile at equilibrium on the shallow water model. The red curve shows
the profile obtained with the model proposed in this paper and the blue curve with the same model with small
slope approximation. For each case, the value of the calculated apparent contact angle θ is given in the legende.

This study highlights the inability of the usual shallow water equations to simulate a droplet steady state
on a substrate with high values of static contact angles, also called a hydrophobic substrate. The reason
of this behavior is that the small slope approximation, as its name suggests, is limited to small slopes.
Consequently, too high values of free surface slopes (∂h/∂x) or values of contact angles θs break the
applications limits of this model. The extended shallow water model presented here is then necessary to
simulate droplet motion on both high and low-energy surfaces.

5.2.2 Dynamical results of axisymmetric spreading

As a first dynamic study of the model, we simulate the case of the symmetric spreading of a droplet on
a horizontal substrate, and we verify that the time evolution of the central height of the droplet agrees
with the power behavior referred as Tanner’s law [28]. Considering a sufficiently small droplet, so that
gravity can be neglected, and assuming small slopes at the free surface and thus a small contact angle, the
decrease of the central height follows the law h(x = 0, t) = K/t1/7 for a two-dimensional symmetric
droplet. In addition to verifying this temporal law, we will also study the dependence of spreading time
on the slip length b.

To respect the validity conditions of this law, the starting point is a parabolic profile of initial radius
Ri = 5× 10−4 m and making an angle θi = 50◦ with the substrate. The gravity is thus negligible since
the initial radius is negligible with respect to the capillary length of the water lc ≈ 2.7 mm. The static
contact angle between the liquid and the substrate is θs = 4◦, the equilibrium state has thus a parabolic
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shape of radius Rf = sin (θs)
√

2A
2θs−sin(2θs) , with A the initial area of the droplet, and makes an angle

θs = 4◦ with the substrate.

The parameter h∗ is equal to 5 × 10−6 m, which respects the condition h∗ < ho/10 , with ho ( =

6.51 × 10−5 m) the highest thickness of the stationary profile, and we choose a mesh size ∆x = 4h∗

ensuring a correct discretization of the force.

Figure 10 shows the central heighth(x = 0, t) plotted versus time for a partially wetting liquid (θs = 4◦),
and also for a totally wetting liquid (θs = 0◦). We observe that the partially wetting case (curve in blue)
agrees closely with the perfectly wetting case (curve in red) until the droplet has almost stabilized. These
results are consistent with experimental studies conducted by Zosel [29]. He demonstrated that droplet
spreading is independent of the nature of the substrate until close to stabilization. Using a logarithm
scale, the two curves share before stabilization a same straight-line shape, due to a power-law behavior
of expression : h(0, t) = K/tn. Figure 10 represents the case of a slip length equal to 10−7 m, and the
(K , n) parameters of the power-law are evaluated to

(
7.64× 10−5 , 0.137

)
.

Figure 10 – Comparison of the spreading time of the central height h(0, t) between a partially (θs = 4◦) and a
totally (θs = 0◦) wetting substrate, for a fixed value of slip length b = 10−7 m. A logarithm scale is used.

The central height h(x = 0, t) versus time for a partially wetting liquid (θs = 4◦) and for different
values of slip length b is plotted in figure 11. We see that all cases exhibit a power-law behavior with
approximately the same power exponent n close to 1/7 as predicted by Tanner’s law. For b = 10−5 m,
the parameters of the power-law are (K , n) =

(
6.58× 10−5 , 0.15

)
, for b = 10−6 m we have(

7.32× 10−5 , 0.144
)
, for b = 10−7 m we have

(
7.65× 10−5 , 0.137

)
, and for b = 10−8 m we

have
(
7.69× 10−5 , 0.136

)
. The slip length b only influences the value ofK and will allow us to fit our

model for unsteady motion simulations.

Figure 11 – Comparison of the spreading time of the central height h(0, t) for different slip length b, for a
partially wetting substrate (θs = 4◦). A logarithm scale is used.

These results indicate the existence of a self-similar solution to the problem appearing a short time after
the start of the motion. In the case of partially wetting films, this self-similar solution is the same as for
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a totally wetting film, since disjoining forces are negligible compared to the action of capillary pressure.
The more the drop tends to flatten, the more the disjoining forces are dominant, and the spreading law of
the partially wetting fluid changes since it progressively reaches its equilibrium state, whereas the totally
wetting fluid continues to spread indefinitely.

5.2.3 Simulation of dewetting regimes of a film of uniform thickness

We consider an uniform film of thickness ho and we want to study its linear stability in response of
finite perturbations. To do so, we fix the value of the disjoining parameter h∗ (= 0.1 lc), and choose
different values of initial film thickness ho from 0.01 lc (in the linearly unstable domain) to 0.3 lc (in
the limit of the domain) as shown in figure 12. For the simulation, we init a liquid of thickness ho for all
x ∈ [−Ri ; Ri] and a dry substrate (h = 0) elsewhere. The finite disturbance then consists of a pinch-off
at the edges of the liquid film that will trigger the instabilities.

Figure 12 – Stable and linearly unstable domains
of an infinite flat film of thickness ho for a sta-
tic contact angle θs = 60◦. The thickness ho and
the parameter h∗ are plotted in units of the ca-
pillary length lc. The crosses correspond to the
cases (h∗/lc , ho/lc) studied in this section. A lo-
garithm scale is used.

In the case of unstable dominated regimes, the finite dis-
turbance will grow rapidly resulting in steady drops se-
parated by a distance of λm = 2π/km, due to the de-
wetting piloted by the increasing amplitude of the wave-
length λm of maximal growth rate. We will then verify
that themodel is able to simulate this regime, by compa-
ring the number of steady drops obtained by numerical
simulations Nsimu with the number predicted by linear
stability analysis NLSA = 2Ri/λm.

The property of the liquid are those of water at am-
biant temperature, we consider the influence of gravity,
we suppose a static angle θs = 60◦. The mesh size
∆x
(
= 2.7× 10−4 m

)
has been chosen so that the wa-

velength λm is correctly discretized for every case. The
slip length b is fixed to 10−9 m.

Figure 13 shows the initial and stationary profiles of liquid films characterized by their initial thickness
ho in the range [0.01 lc , 0.3 lc]. We can see that for every case simulated, the initial flat film of thick-
ness ho dewets into an array of stationnary drops. However, the number of drops strongly depends on
the initial thickness, leading to smaller number of drops for thicker films. In the case of a small initial
thickness (from ho = 0.01 lc to ho = 0.1 lc), the stationary state agrees with the prediction of LSA
since the number of resulting droplets Nsimu is close to the number predicted NLSA : for ho = 0.01 lc,
we find Nsimu = 76 and NLSA = 78, for ho = 0.05 lc, we find Nsimu = 66 and NLSA = 65, and for
ho = 0.1 lc, we find Nsimu = 53 and NLSA = 50.
For higher values of initial thicknesses, the number of resulting droplets becomes smaller than the num-
ber predicted by LSA. For ho = 0.2 lc, we find Nsimu = 23 and NLSA = 28 and for ho = 0.27 lc, we
find Nsimu = 3 and NLSA = 18. This is due to the fact that for such values of ho in the vicinity of the
linearly unstable domain, we reach the limit of validity of the LSA since we are smoothly transitioning
to the linearly stable domain and the dewetting regime is no more only piloted by the time increasing
amplitude of the wavelength λm.
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Figure 13 – Stationnary thickness profiles after different instability dewetting regimes depending on the initial
value of the film thickness ho. The dotted points represent the initial profile at t = 0s.

6 Discussion and conclusion
We have proposed an extended shallow water model which has the advantage to be only second order
in space and takes into account capillary and inter-molecular forces without validity limits in terms of
free surface slope and contact angle, contrary to classical lubrication models with long-wave approxi-
mations.
Based on a linear stability analysis, we have identified a regime that can lead to a film rupture : an insta-
bility dominated regime, where the evolution is piloted by the fastest film mode. This regime, generally
appearing in the case of very thin films of thicknesses close to the range of inter-molecular forces, ap-
pears here for film thicknesses close to the parameter h∗, which acts as a regularization parameter to
smooth the effect of these forces. This parameter must be carefully chosen, since too large values gene-
rate non-physical instabilities, and too small values require more computational costs because the mesh
size must be of the same order as h∗ to produce numerically accurate results.
The intention of this work was to derive a model that incorporates the most important features of the
dynamics on scales much larger than the molecular scale. Two-dimensional simulations have demons-
trated the feasibility of this model to simulate liquid motion on homogeneous substrates, and the results
in term of steady state solution, dynamic spreading, and dewetting regime are all consistent with results
of the literature.
The presented approach opens the door for simulation of liquid motion on a heterogeneous substrate,
with add of dynamic contact angle and hysteresis effects, in order to simulate behaviors on a natural
surface. The 3D extension of the method is also in progress, with the aim of a better understanding of
rivulets flow formation.
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